In the framework of linear elastic continuum mechanics, an analytical formulation is presented for the axisymmetric axial interaction of a rigid disk in frictionless contact with the face of a penny-shaped crack in a transversely isotropic solid. The problem is reduced to an integral equation and is shown to be degenerated to the formulation of isotropic materials in the literature. As the closed-form solution is not possible, by means of a numerical procedure, the obtained integral equation is solved and the accuracy of numerical procedure and mathematical formulation is verified through comparison with the available results for the relevant analysis in isotropic solids. Through several numerical displays, the effect of material anisotropy on the stiffness of the interacting system and the stress intensity factors at the tip of penny-shaped crack is surveyed.
Introduction
When external loads are applied to a solid, the stress transfer leads to the deformation of the medium which presents no difficulty in the continuum analysis. By increasing the load, under excessive applied loads, if new surfaces are generated in the medium, the solid undergoes fracture which has generally two phases of initiation and propagation ( Erdogan, 1974 ) . For a brief history of fracture mechanics and the recent developments one may refer to Erdogan (20 0 0) .
The linear elastic fracture mechanics, LEFM, has been used quite extensively for the analysis of cracked solids especially due to simplicity and seeking for analytical closed-form solutions ( Srivastava and Singh, 1969; Selvadurai, 1979; Tupholme, 1989; Mohammadi, 2008 ) .
The analysis of cracks under applied loads and the study of interaction between cracks and rigid/flexible inclusions have remarkable usage in the design of anchor systems in composite materials with flat disk inclusions, deep foundations embedded in a geological medium, in-situ plate load tests at the base of a borehole, injection anchor regions in soft rock masses with expansive cementaceous grout material or during the penetration of single helix ground anchors. Although, in the classical continuum mechanics, generally, anchor-solid interaction considers the perfect interfacial bonding, these analysis allow for the separation at the interface or the crack extension beyond the disk inclusion. This can occur due to debonding of the disk over the entire interface under applied loads or under thermal loading with the mismatch between the thermo-elastic properties of the inclusion and matrix leading to the matrix cracking or the interfacial delamination over the common interface of disk and matrix. Selvadurai (1980) studied a penny-shaped crack in an incompressible elastic infinite medium under finite radial stretching in axisymmetric condition. For the symmetric indentation of a penny-shaped crack by a smoothly embedded rigid circular thin disc inclusion one might refer to Selvadurai and Singh (1984) and for the internal loading of a flat annular crack in an isotropic elastic solid to Selvadurai and Singh (1985) and for the axial interaction of a disc inclusion embedded in a penny-shaped crack to Selvadurai (1985) , Selvadurai and Singh (1986) and Tan and Selvadurai (1986) . Singh et al. (1986) studied the uniform motion of two cracks in an elastic layer in bonded contact with two elastic half-spaces. The analysis of externally cracked solids under applied loads can be found in Selvadurai (1987) , Singh (1987a , 1987b ) , Selvadurai et al. (1990) . For the utilizing of boundary element method for the analysis of cracks in isotropic solids one might refer to Gao et al. (1992) , Selvadurai (1993 Selvadurai ( , 1996 and Selvadurai (1998) . For the axial contact of a smooth rigid disc with the face of a penny-shaped crack refer to Selvadurai (1994b Selvadurai ( , 1994a and Selvadurai (20 0 0) . Selvadurai (1999) studied a rigid disc inclusion in a crack under in-plane loading. For the axial interaction of a rigid disk with a penny-shaped crack in an isotropic half-space one might refer to Selvadurai (2002) and for the extension of a penny-shaped crack in a thick layer to Vrbik et al. (2004) .
The common recognition of anisotropic behavior of rocks and soils deposited in layers and the increasing application of synthetic composite materials have attracted the researchers to analyze variety of problems in these media. Considering the anisotropic characteristic of material properties provides a better understanding of physical nature of stress transfer in such media as well as leading to a more accurate and realistic results in different fields like geomechanics, geophysics, material science, soil-structure interaction, foundation engineering and anchor systems. Among different anisotropic behavior, the transversely isotropic modeling of embedding medium is extensively used for the analysis in layered soil and rocks and composite solids. The analytical interaction problems in cracked anisotropic solids concerning the transversely isotropic behavior for the modeling of anisotropy are reviewed in what follows. Kassir and Sih (1968) studied the elliptical cracks in transversely isotropic media. Satapathy and Parhi (1979) and Dahan (1980a Dahan ( , 1980b analyzed the penny-shaped crack in crossanisotropic solids. Sankar and Fabrikant (1983) and Fabrikant (1987) analyzed crack and punch of transversely isotropic media. Tsai studied the penny-shaped crack in a cross-anisotropic plate with finite thickness ( Tsai, 1982 ) and the indentation of such crack shape by an oblate spheroidal rigid inclusion ( Tsai, 1984 ) and also the dynamic analysis of cracks in such media ( Tsai, 1988 ) . Saxena and Dhaliwal (1990) studied the penny-shaped crack at the interface of two transversely isotropic half-spaces under applied normal and shear pressure. Wenhua et al. (1992) analyzed the pennyshaped crack at the interface of two transversely isotropic finite layers. Kundu and Bostrom (1992) studied wave scattering by a circular crack in a cross-anisotropic solid. Rizzaa and Nair (1999) analyzed a penny-shaped crack in a transversely isotropic solid under non-axisymmetric dynamic impact load. Wang (20 0 0) obtained the dynamic stress intensity factor in arbitrary oriented cracks in transversely isotropic solids. Kadioglu (2002) analyzed the axisymmetric crack terminating at the interface of transversely isotropic dissimilar solids. Rahman (2002) investigated the elliptical inclusion and cracks in such media. Zhao (2003) studied the advancing crack in a transversely isotropic solid under three dimensional loading. Ataberk et al. (2003) studied a ring-shaped crack in a transversely isotropic thick layer. Monastyrskyy and Kaczynski (2010) studied the penny-shaped crack field with gas in a transversely isotropic half-space. Selvadurai (2010) considered the axisymmetric problem of flaw bridging in a unidirectionally reinforced cross-anisotropic composite. Li et al. (2012) and Li et al. (2013) presented the analysis of a penny-shaped Dugdale crack in a cross-anisotropic medium.
For the boundary element analysis of cracks in cross-anisotropic solids one might refer to Zhao et al. (1998) , Pan and Yuan (20 0 0) , Sáez and Dominguez (2001) , Ariza and Dominguez (2004b ) and Ariza and Dominguez (2004a) .
Here, the axial displacement of a rigid disk in smooth contact with one face of a penny-shaped crack in a transversely isotropic full-space solid is presented This study concerns the interaction of a rigid disk with a penny-shaped crack in a transversely isotropic solid. While the interfacial condition can be assumed with different treatments in practice, it may vary from a frictionless to Coulomb or finite friction to full adhesive contact, here, the smooth contact of the disk and solid is considered which is an idealization as the analysis focuses on the effect of anisotropic behavior on the responses. The mathematical formulation is shown to be reducible to an integral equation and is exactly degenerated to the results for isotropic materials by Selvadurai (1994a ) . As the closed-form solution is not available for the given integral equation, a numerical procedure has been utilized to survey the effect of material anisotropy on the total stiffness of interaction system and stress intensity factors.
This study gives a better understanding of the mathematical feature of the associated boundary value problem with transversely isotropic modeling of embedding medium. These kinds of rigorous continuum mechanics solutions might lead to a clarified picture of the underlying physics as well as a better understanding of the mathematical feature of the associated boundary value problem. They can provide more reliable benchmarks for broadly used numerical studies as might be used as a rational basis for development of approximate and more advanced treatments.
Governing equations in displacement potentials
As shown in Fig. 1 , a penny-shaped crack of radius b is considered in a transversely isotropic solid where the axis of symmetry of material coincides with the z -axis. A rigid disk of radius a is in frictionless contact with the top surface of crack and is under the action of an axisymmetric vertical load P . In circular cylindrical coordinates ( r , z ), due to the symmetry of the stress distribution, the displacement components of solid are described as
(1)
where the strains are related to the displacement as follows
For the stress components of the solid, the generalized Hooke's law equations for the considered transversely isotropic solid are written as Lekhnitskii (1981) 
(4)
The terms E and E are the Young's modului in the plane of isotropy and perpendicular to it; ν is Poisson's ratio which characterize the effect of horizontal strain on the complementary vertical strain; ν is the Poisson's ratio which characterize the effect of vertical strain on the horizontal one; G and G stand for the shear modului for the plane of isotropy and normal to it and the following relation applies to the constants
Given the previous formulation, the static equilibrium equations of the considered homogeneous transversely isotropic solid in the absence of body forces and in axisymmetric condition is expressed as
The potential function theory may be used to uncouple the displacement components and satisfy the equilibrium Eq. (6) . For this reason, the function F is utilized henceforth, which is related to the displacement components of the medium as Lekhnitskii (1981) 
where
and
and to the stresses
in which
By imposing the above formulation (10) into (6) , the following equation is obtained for F
and s 1 , s 2 are the roots of the equation
Applying the zeroth order Hankel transform ( Sneddon, 1972;  Piessens, 20 0 0 ) for sufficiently regular function F ( r , z ) with respect to the radial coordinate defined as
where F 0 (ξ , z) is the Hankel transformed function of F ( r , z ), in the transformed domain, the following ordinary differential equation is
where the following properties have been used ( Piessens, 20 
The general solution of (16) is given as
Due to the radiation condition ( Sommerfeld, 1949 ) , the terms C and D must be zero. The remaining parts are written as:
considering the radiation condition and using ( Piessens, 20 
and H m
The stress and displacement components in transformed domain are expressed in terms of potential function as
where the superscripts 0 and 1 denote the order of Hankel transform. With the assumption of frictionless contact at the interface of the rigid disk and face of crack, and dividing the crossanisotropic solid in two regions of I : for z > 0 and II : for z < 0, the pertaining boundary conditions for the solution of the smooth contact problem in question can be written as
where the term is the enforced displacement on the disk and the superscripts I and II denote the considered region. The above described boundary conditions are summarized in terms of the potential function solution as
where H m is the Hankel transform of order m = 0 , 1 and
l 1 = α + βs 2 1 , l 2 = α + βs 2 2 (45)
To facilitate continuing the analysis, the following functions are defined
Using the above definitions, the boundary conditions (35), (40) and (41) are expressed as
Considering the assumption of N ( ξ ), as
Via inverse Hankel transform, one should note that
By means of the procedure considered by Selvadurai and Singh (1985) and Selvadurai (1994a ) , and using the inverse of Abel transform ( Deans, 20 0 0 ), the previously obtained triple integral Eqs.
(36) , (50) and (51) are expressed as
By means of the Abel transformation of tJ 0 ( ξ t ) and tJ 0 ( ξ t ) ( Deans,
One may show that Eqs. (60) and (61) are expressed as
Using (52) and (67) and relation ( Cooke, 1963 )
Considering the Abel-type Eqs. (62) , (63) and (70) , the following equations are obtained
Imposing the relations of f 1 ( r ) and f 2 ( r ) in (57) one might find
From (74) and Eqs. (38) and (42) and using the inverse Abel transform, the following relation for P ( ξ ) is given
Considering the relations (65), (66) and (67) and the above given expression, the following integral equations are obtained
Finally, from Eqs. (58) and (59) , the following triple integral equations is found
The triple integral equations is reducible to a single integral equation as
To this point, the analysis of mixed boundary value problem of interest has been reduced to the integral Eq. (81) which is not solved in closed-form and a suitable numerical scheme is required for the parametric study of results.
Stiffness of disk-solid system
One of the interesting results of analysis would be the total axial stiffness of anchor plate in frictionless contact with the fullspace medium. From the previous formulation, the axial contact stress at the interface of disk and medium is given as
From Eq. (57) for N ( ξ ) the following relation is obtained
The total force, P , on the disk can be evaluated by integrating the traction on the disk as
or in a different form
and the total stiffness would be calculated as:
Stress intensity factors at the crack tips
Considering the previously discussed boundary conditions, outside of the crack region, at crack location z = 0 , the axial and radial stress components τ zz ( r , 0) and τ rz ( r , 0) are expressed, respectively,
From fracture mechanics theory, the opening and shearing modes stress intensity factors, SIFs, are calculated, from the stress components as Irwin (1957) 
Using the given expressions for stress distributions (88) and (89) , the SIFs are obtained as . 2 . The shearing mode of stress intensity factor at the tip of crack as a function of crack size for different isotropic materials compared with the results by Selvadurai (1994a ) .
and are rewritten in terms of F 1 ( r ) as
for the opening mode crack SIF and
for the shearing mode crack SIF.
Special case: isotropic solid
For the special case of isotropic materials, the Young's moduli and the Poisson's ratios are equal, as E = E and ν = ν = ν , respectively, and s 1 = s 2 = 1 . The elasticity constants are reduced to
Setting the above definition in relations (8), (9) and (11) one may show that the terms with the form of 0 0 would encounter and in a limiting process, the terms i, j and k in Eq. (55) reduce to
With a similar procedure to the case of cross-anisotropic materials, one may show that the following integral equation is obtained for the case of isotropic materials as
which exactly matches to the one by Selvadurai (1994b ) for a/b = 1 and Selvadurai (1994a ) for b ≥ a . The opening and shearing mode crack SIFs are written in terms of F 1 ( r ) as Selvadurai (1994a ) 
Numerical results and discussion
As the closed-from solution is not possible for the previously given integral equations for transversely isotropic solids (81) or isotropic materials (98) Selvadurai (1994a ) , one should utilize the numerical procedure to survey the effect of material anisotropy on the stiffness of the interaction system and the stress intensity factors at the tip of penny-shaped crack. Similar to the procedure by Selvadurai (1994a ) the domain of disk, 0 < r < a , is divided to N segments where r s ( s = 1 to N + 1 ) is defined as r s = (s − 1) h and h = a/N. By means of collocation at these points, the following algebraic equations are obtained ( Delves and Mohamed, 1985 ) [
where s, t = 1 to N ; B s = i and the term A st is defined as Fig. 3 . The axial stiffness of interacting system as a function of crack size for different cross-anisotropic materials with different:
Using the previous Eq. (102) , the solution of F 1 ( r ) is obtained which can be utilized for the calculation of other responses like stiffness (87) or stress intensity factors (94), (95) . In order to verify the mathematical formulation and numerical scheme, in the special case of isotropic materials by solving (98) , for different poisson's ratios, the crack shearing mode stress intensity factor at the boundary of the crack is presented in Fig. 2 and compared with the results by Selvadurai (1994a) which indicates that the results coincide.
The effect of material anisotropy is studied via numerical results for an isotropic (Material 1) and several synthetic crossanisotropic materials (Materials 2-15). The properties of materials are given in Table. 1 . where the elasticity constants, c ij are related to these parameters as in Rahimian et al. (2007) and the positive definiteness of the strain energy has been considered for the selection of elasticity constants ( Payton, 1983 ) .
First, the effect of material anisotropy on the axial stiffness of the smooth indentation of the disk in the cracked interface is presented for materials with different E in Fig. 3 a. It is noteworthy that the results in the limiting case of b → ∞ lead to the frictionless indentation of a rigid disk in a transversely isotropic half-space as in Katebi et al. (2010) . This stiffness has been shown to be equal to
The normalized stiffness in Fig. 3 a shows the significant effect of material anisotropy, resulting in higher stiffness of the system for higher E and the smaller debonded region at the interface, especially, for b/a = 1 . For materials with different G and E , the similar trend of the increasing the stiffness is seen in Fig. 3 (b,c) . For the different Poisson's ratios minor effect on the total system stiffness is observed as in Fig. 3 (d,e) .
The mode I stress intensity factors at the tip of crack for different transversely isotropic materials is presented in Fig. 4 . From the figures one should notice the highest influence is given by E resulting in higher stress intensity factors, also the trend is similar for materials with different G . But, the effect of material property E which lies in the plane of isotropy is not much significant and finally the variation of Poisson's ratio is not effective in the opening mode of stress intensity factors. Also, for all materials, it is seen that the highest values are obtained for b/a = 1 and the effect of anisotropy increases for a / b approaching to 1.
For the shearing mode stress intensity factor resulting from the axial translation of plate, the effect of anisotropy is explored in Fig. 5 . From the figure one may notice the more dominant effect of anisotropy. Also, the increase of intensity factor for materials with higher ν is noticeable.
Conclusions
In this paper, the axial interaction of a rigid disk with a pennyshaped crack in a transversely isotropic full-space is studied. The analysis is shown to be reducible to an integral equation which is solved by a fast and reliable numerical procedure. The formulation is exactly degenerated to the case of isotropic materials in the literature. For a set of isotropic and cross-anisotropic materials, a parametric study is conducted. By means of several numerical displays, the effect of material anisotropy and stress intensity factors is clarified. It is seen that the effect of elastic and shear moduli E, E , G and G is dominant on the stiffness of interaction system for different crack radii and the effect of Poisson's ratios ν and ν is not much significant. The similar trend is observed for SIFs especially for crack opening mode where the effect of Poisson's ratios is negligible.
